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30◦ twisted bilayer graphene demonstrates the quasicrystalline electronic states with 12-fold sym-
metry. These states are however far away from the Fermi level, which makes conventional Dirac
fermion behavior dominating the low energy spectrum in this system. By using tight-binding approx-
imation, we study the effect of external pressure and electric field on the quasicrystalline electronic
states. Our results show that by applying the pressure perpendicular to graphene plane one can
push the quasicrystalline electronic states towards the Fermi level. Then, the electron or hole dop-
ing of the order of ∼ 4 × 1014 cm−2 is sufficient for the coincidence of the Fermi level with these
quasicrystalline states. Moreover, our study indicates that applying the electric field perpendicular
to the graphene plane can destroy the 12-fold symmetry of these states and break the energy degen-
eracy of the 12-wave states, and it is easier to reach this in the conduction band than in the valence
band. Importantly, the application of the pressure can recover the 12-fold symmetry of these states
to some extent against the electric field. We propose a hybridization picture which can explain all
these phenomena.
I. INTRODUCTION
The linear band structure of graphene can be mod-
ified efficiently by stacking one layer onto another. AA
stacked bilayer graphene shows the band structure of two
shifted Dirac cones above and below the Fermi level.1
The bilayer in AB stacking is characterized (in the sim-
plest approximation) by a band structure with parabolic
touching point.2–6 Moreover, a twist angle between two
layers offers an additional degree of freedom to tune the
electronic properties. For example, the slightly twisted
bilayer graphene at the magic angle as a model system
of strongly correlated electrons has drawn much atten-
tion due to the novel electronic properties, such as the
flat band7,8, unconventional superconductivity9–11, cor-
related insulator phases12, etc. Besides, if the twist angle
θ does not satisfy the commensurate condition13, namely
cos θ = n
2+4nm+m2
2(n2+nm+m2) , where n and m are integers, the
corresponding bilayer structures will not posses the trans-
lational symmetry. Falling into this classification, the
12-fold symmetry and the quasi-periodicity of the 30◦
twisted bilayer graphene has been demonstrated by vari-
ous measurements, such as the Raman spectroscopy, low-
energy electron microscopy/diffraction (LEEM/LEED),
transmission electron microscopy (TEM) and scanning
tunneling microscopy (STM) measurements.14–18.
By now, the 30◦ twisted bilayer graphene has been
grown successfully on some substrates, such as SiC15,18,
Pt14, Cu-Ni16 and Cu19,20 surfaces. This emergent qua-
sicrystal consisting of two graphene sheets with per-
fect crystalline has attracted increasing attention be-
cause of the coexistence of the quasicrystalline nature
and the relativistic properties.14–18,21–24. Angle-resolved
photoemission spectroscopy (ARPES) measurements in-
dicated that the interlayer interaction between the two
layers leads to the emergence of the mirror-symmetric
Dirac cones inside the Brillouin zone of each graphene
layer14,15,18 and a gap opening at the zone boundary14.
The critical eigenstates22,25 and quantum oscillations23
were predicted theoretically due to the quasi-periodicity.
As an extrinsic quasicrystal consisting of two graphene
crystalline layers, the appearance of the 12-fold symmet-
ric electronic states originates from the weak Van der
Waals interaction between the two layers. The strength
of the interlayer coupling determined by the interlayer
spacing affect the quasicrystalline electronic states di-
rectly. To apply the external pressure is an efficient
method to control the interlayer spacing, especially for
weakly interacting materials. It was shown theoretically
that the external pressure perpendicular to graphene
plane can enhance the interlayer coupling and modify
the magic angle value and associated density of states
of slightly twisted bilayer graphene.26 Besides the inter-
layer interaction, the interaction among the degenerated
12 waves in the reciprocal space is the direct reason to
form the 12-fold symmetric electronic states25. Break-
ing the degeneration of the 12 waves should modify the
12-fold symmetry of these states obviously. As an ex-
ample, the electric field perpendicular to the graphene
plane is one way to break the degeneration, which differ
the energy of the 6 waves in one layer from the 6 waves
in another layer.
In this paper, our purpose is to study the dependence
of the quasicrystalline electronic states on external pres-
sure and electric field perpendicular to graphene plane
in 30◦ twisted bilayer graphene. Although the 12-fold
symmetric electronic states form in 30◦ twisted bilayer
graphene, they do not contribute to the most of elec-
tronic properties because of their large distance from the
Fermi level. In this study, we find out the way to tune
the energies of these 12-fold symmetric electronic states
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2closer to Fermi level and discuss the stability of these
12-fold symmetric states under the external pressure and
electric field.
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FIG. 1: (a) The structure of 30◦ twisted bilayer graphene
with the periods of bottom (black) and top (red) layers being
a (= 2.46 A˚) and 3b (=
√
3a = 4.26 A˚), respectively, along
x axis. In the 15/26 approximant, the lattice constant a of
the top layer changes to be a′ (= 2.458 A˚). (b) The Brillouin
zones of the two layers. K˜1 is the end-point after the strongest
scattering process from K′ point due to the interlayer interac-
tion. K˜1 and K are the mirror-symmetric points with respect
to the mirror-line Q1 − Q˜1. The points Qi, i = 0, ..., 5 of
bottom layer and the points Q˜i, i = 0, ..., 5 of top layer are
degenerated in energy, the hybridization of which, namely 12-
wave Hamiltonian at k0 = 0
25, results in the emergence of the
quasicrystal electronic states. (c) and (d) are the quasicrys-
tal electronic states with 12-fold symmetry at the VBM and
CBM, respectively, of any Qi or Q˜i point, which are calcu-
lated by 15/26 approximant. Blue and red dots correspond
to the occupation numbers on the bottom and top layers, re-
spectively, with larger occupation number denoted by larger
dot.
II. METHODS
A. Tight-binding model
The tight-binding model based on the maximally lo-
calized Wannier function27, which possess the higher an-
gular momentum components (m = 3n with n ∈ Z)
than pz orbital (m = 0) for twisted bilayer graphene,
is adopted to study the graphene quasicrystal under the
finite external pressure. The intralayer hopping energies
up to the eighth nearest neighbors are used to describe
graphene monolayer, which are -2.8922, 0.2425, -0.2656,
0.0235, 0.0524, -0.0209, -0.0148 and -0.0211 eV, respec-
tively, from first to eighth nearest neighbors. The inter-
layer hopping described by a functional form depends on
both distance and orientation. After ignoring the high
order terms (|n| > 2), which are vanishingly small, the
interlayer hopping function reads
t(r) = V0(r) + V3(r)[cos(3θ12) + cos(3θ21)]+
V6(r)[cos(6θ12) + cos(6θ21)].
(1)
r is the projection of the vector connecting two sites on
graphene plane. r=|r| descries the projected distance be-
tween two Wannier functions. θ12 and θ21 are the angles
between the projected interlayer bond and the in-plane
nearest-neighbor bonds, which describe the relative ori-
entation of the two Wannier functions. The three radial
functions depend on ten hopping parameters:
V0(r) = λ0e
−ξ0r¯2cos(κ0r¯),
V3(r) = λ3r¯
2e−ξ3(r¯−x3)
2
,
V6(r) = λ6e
−ξ6(r¯−x6)2sin(κ6r¯).
(2)
For a twisted bilayer graphene, the relationship be-
tween the interlayer spacing compression (ε = 1 − h/h0
with h and h0 being the interlayer spacings with finite
and zero external pressures, respectively.). and external
pressure P satisfies Murnaghan equation of state28,
P = A(eBε − 1). (3)
The parameters A and B were determined to be 5.73
GPa and 9.54, respectively, from previous study26 by fit-
ting the density functional theory results. The interlayer
spacing compression dependence of the ten interlayer
hopping parameters are well described by a quadratic
fit
yi(ε) = c
(0)
i − c(1)i ε+ c(2)i ε2, (4)
where yi (i = 1, ..., 10) stands for any one of the ten in-
terlayer hopping parameters. The coefficients c
(0)
i , c
(1)
i
and c
(2)
i for all interlayer hopping parameters are listed
in Table I. In this paper, the external pressure less than
30 GPa are under consideration, because previous cal-
culations did not show significant reconstruction of the
graphene bilayer under pressure even up to 30 GPa,26
but there may be a phase transition of the encapsulating
hBN substrate around 9 GPa29.
III. RESULTS AND DISCUSSION
In order to study 30◦ twisted bilayer graphene un-
der pressure in the framework of band theory, the 15/26
approximant30,31 has been chosen to calculate to calcu-
late its electronic properties. The 15/26 approximant is a
periodic Moire´ pattern, which is obtained by compressing
the top layer slightly with the lattice constant changing
from 2.46 A˚ to 2.458 A˚. Accordingly, the two layers share
the commensurate period 15×√3a = 26× a˜, where √3a
and a˜ are the periods of bottom and top layers along x di-
rection, respectively. It has been proven that the 15/26
approximant can reproduce the electronic properties of
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FIG. 2: The comparisons of effective band structures and density of states at several pressures. The k-path in the effective
band structure is along the dashed blue line shown in Fig. 1(b). Q is Q˜1 in this figure. The eigen-states at VBM and CBM
around Q point are shown in Fig. 1(c) and (d), respectively. The pressure affects the density of states in the valence band
stronger than in the conduction band.
TABLE I: The ten interlayer hopping parameters (in units of
eV).
yi c
(0)
i c
(1)
i c
(2)
i
λ0 0.310 -1.882 7.741
ξ0 1.750 -1.618 1.848
κ0 1.990 1.007 2.427
λ3 -0.068 0.399 -1.739
ξ3 3.286 -0.914 12.011
x3 0.500 0.322 0.908
λ6 -0.008 0.046 -0.183
ξ6 2.727 -0.721 -4.414
x6 1.217 0.027 -0.658
κ6 1.562 -0.371 -0.134
the original 30◦ twisted bilayer graphene accurately and
the 12-fold symmetry of the quasicrystalline electronic
states can be distinguished within the unit cell30. Fur-
thermore, by unfolding the band structure of the 15/26
approximant into the premitive unit cell of graphene32,33,
the effective band structure can be derived. It can be
used to compare the ARPES measurement.
In the case of zero pressure, the interaction between
two layers in 30◦ twisted bilayer graphene results in the
appearance of five new van Hove singularities of den-
sity of states in the valence band, three of which, la-
belled by α, β and γ, are associated with the critical
wave functions25, which show the quasicrystalline nature
clearly. Different from the localized states, the critical
wave functions still spread in a big spatial area, so our ap-
proximant model can not reproduce the real critical wave
function. However, the quasicrystal nature can be recog-
nized by the eigen-states with 12-fold symmetry within
the unit cell, because 12-fold symmetry is forbidden in
crystallines with translational symmetry. In Fig. 1(c)
and (d), we plot the charge distributions of VBM and
CBM around Q0. They show the 12-fold symmetry in
the unit cell of the 15/26 approximant, namely quasicrys-
talline nature. Actually, all Qi and Q˜i points given in
Fig. 1(b) are degenerated in energy, and they give exact
the same electronic states. Because we focus on mainly
the quasicrystalline electronic states in this paper, in the
following text, the VBM and CBM always stand for the
valence-band minimum and conduction-band maximum
at any Qi or Q˜i point or the case k0 = 0 in the k-space
tight-binding method (see below for the details of this
method). The appearance of the 12-fold symmetric states
can be attributed to the degenerated 12-wave (Q0 − Q5
and Q˜0−Q˜5) interaction. However, these quasicrystalline
electronic states are far away from the Fermi level, so they
contribute much weaker than Dirac electrons in electronic
properties.
Fortunately, our results indicate that applying the ex-
ternal pressure to graphene quasicrystal is a valid method
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FIG. 3: The comparison of Fermi velocity reduction with pres-
sure increasing for several twisted bilayer graphene at different
twisted angle θ. 30◦ twisted bilayer graphene is calculated by
15/26 approximant (QC approximant).
to push the quasicrystalline electronic states towards the
Fermi level. In Fig. 2, we compare the density of
states and effective band structures of 30◦ twisted bi-
layer graphene at several pressures. It can be found that
the peaks β and m as well as the peaks γ and l merge
gradually as the pressure increases, and the continuous
evolutions of these peaks are given in Fig. 4. As the pres-
sure increases, there is a big gap appearing between peaks
β and γ. The partial reason is the increasing interaction
between the Dirac cone at K and its mirror-symmetric
Dirac cone at K˜1, which also reduce the Fermi velocity
(shown in Fig. 3). Comparing with some twisted bilayer
graphene at smaller twist angles, the Fermi velocity in
30◦ twisted bilayer graphene is affected much weaker be-
cause of the largest distance between closest Dirac cones
at the case of 30◦ twist angle. It means that the Dirac
fermion behavior near the Fermi level is robust. Let us
focus on the VBM and CBM now. Their 12-fold sym-
metry are always kept in any pressure less than 30 GPa.
The reason is that as the pressure increases the interlayer
coupling become stronger, but the energy degeneration of
the 12 waves always remains no matter how large pres-
sure is applied. The VBM and CBM positions are shown
in Fig. 4 and remarked by two green dashed lines. The
results indicate that, as the pressure increases from 0 to
30 GPa, the quasicrystal electrons move gradually to-
wards the Fermi level and their positions derivate from
any peak of the density of states in energy. It means
that it become easier gradually to tune the Fermi lev-
els by electron or hole doping to enhance the contribu-
tion of the quasicrystalline electronic states in electronic
properties as the pressure increases. We will explain this
phenomenon below. In Fig, 5, we show the doping con-
centration of electrons and holes that are needed to tune
the Fermi levels at the CBM and VBM. For two dimen-
sional materials, the magnitude of the doping concentra-
tion ∼ 1014 cm−2 can be realized easily by using ionic
liquid gates.34,35
Since the appearance of the 12-fold symmetric states is
attributed to the 12-wave interaction and their degener-
ation in energy, the 12-fold symmetry of the eigen-states
FIG. 4: The density of states of 30◦ twisted bilayer graphene
under the pressure less than 30 GPa. Five peaks in the va-
lence band are marked. β and l peaks as well as γ and m
peaks merge gradually as pressure increases. The positions of
the VBM and CBM at Q point, namely the energies of the
quasicrystal electric states, are shown by the green dashed
lines.
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FIG. 5: The doping concentration of holes and electrons
needed to make the Fermi level to meet the VBM and CBM
of Q point, respectively, for the pressure less than 30 GPa.
should be unstable if the energy degeneration of the 12
waves is broken. In order to understand this effect clearly,
we adopt the k-space tight-binding method proposed by
P. Moon et al.25 and an electric field is applied perpen-
dicular to the graphene plane to break the energy de-
generation of two layers. In this method, a k0 related
subspace is spanned by Bloch basis functions of top layer
{
∣∣∣k0 +G, X˜〉} and Bloch basis functions of bottom layer
{
∣∣∣k0 + G˜, X〉}, where G (X) and G˜ (X˜) are the recipro-
cal lattice vectors (sublattice A or B) of bottom and top
layers, respectively. Any two basis functions with one and
another from bottom and top layers, respectively, satisfy
the relationship 〈k0 + G˜, X|U |k0 +G, X˜〉 = T (k0 +G+
G˜)e−iG˜·τX˜eiG·τX , where U is the interlayer interaction
and T (k0 +G + G˜) is the Fourier component of the in-
terlayer hopping function at vector k0 +G+ G˜. In this
paper, we only focus on the case around k0 = 0 because
quasicrystal electronic states exist only at k0 = 0 exactly.
Besides, the 12-wave approximation is used because it has
been proven to be valid enough for simulating the elec-
5(a) VB (b) CB
FIG. 6: The quasi-band structures around k0 = 0 calculated from 12-wave Hamiltonian and the hybridization pictures for
constructing the quasicrystal electronic states in the valence band (a) and the conduction band (b), respectively. The picture
shows the example at the 0.1 eV/A˚ electric field and 5 GPa pressure. It clearly shows that the electric field destroys the 12-fold
symmetry of the quasicrystalline electronic states.
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FIG. 7: The occupation numbers on the bottom layer of the functions |δ〉 |Cγα|2 (a) and |χ〉 |Cχλ|2 (b), respectively, under
the pressure less than 30 GPa and electric field less than 0.2 eV/A˚, which correspond to the VBM and CBM around k0 = 0 in
the k-space tight-binding method. The counter lines show the phases deviating from the exact 12-fold symmetry (occupation
number is 0.5) by 0.05, 0.1, 0.15 and 0.2.
tronic properties of 30◦ twisted bilayer graphene25. It is
worth noting that by comparing the quasi-band structure
in the k-space tight-binding method around k0 = 0 with
12-wave approximation and the effective band structure
of the 15/26 approximant around Q point, they are very
good in agreement with each other. It means around
k0 = 0, the 12-wave is exactly enough and increasing the
basis size to 182-wave and so on will be over-complete
and introduce some redundancy bands, which can not be
detected by ARPES measurement.
At k0 = 0 and under the 12-wave approximation, af-
ter folding the k points into the BZs of the two layers,
the subspace is just spanned by the Bloch basis functions
{|Qi, X〉} of the bottom layer and the Bloch basis func-
tions {
∣∣∣Q˜i, X˜〉} of the top layers with i = 0, 1, 2, 3, 4, 5
(see Fig. 1(b) for their positions). By analysing the
eigen-vectors of the 12-wave Hamiltonian at any pres-
sure and electric field, a hybridization picture shown in
Fig. 6 can be constructed. The VBM and CBM (la-
belled by |δ〉 and |χ〉) are the anti-bonding and bonding
states after the hybridization between |α〉 and |β〉 states
and hybridization between |λ〉 and |µ〉, respectively. The
hybridizations can be expressed by
|γ〉 = Cγα |α〉+ Cγβ |β〉
|δ〉 = Cδα |α〉+ Cδβ |β〉 (5)
6and
|χ〉 = Cχλ |λ〉+ Cχµ |µ〉
|κ〉 = Cκλ |λ〉+ Cκµ |µ〉 . (6)
|α〉 and |λ〉 (|β〉 and |µ〉) exist in the bottom (top) layer.
These states can be combined by the Bloch basis func-
tions as:
|α〉 = 1√
6
(∣∣Q−0 〉− ∣∣Q−1 〉+ ∣∣Q−2 〉− ∣∣Q−3 〉+ ∣∣Q−4 〉− ∣∣Q−5 〉)
|β〉 = 1√
6
(∣∣∣Q˜−0 〉− ∣∣∣Q˜−1 〉+ ∣∣∣Q˜−2 〉− ∣∣∣Q˜−3 〉+ ∣∣∣Q˜−4 〉− ∣∣∣Q˜−5 〉) ,
(7)
where, ∣∣Q−i 〉 = 1√
2
(|Qi, A〉 − |Qi, B〉)∣∣∣Q˜−i 〉 = 1√
2
(∣∣∣Q˜i, A〉− ∣∣∣Q˜i, B〉) , (8)
and
|λ〉 = 1√
6
(∣∣Q+0 〉+ ∣∣Q+1 〉+ ∣∣Q+2 〉+ ∣∣Q+3 〉+ ∣∣Q+4 〉+ ∣∣Q+5 〉)
|µ〉 = 1√
6
(∣∣∣Q˜+0 〉+ ∣∣∣Q˜+1 〉+ ∣∣∣Q˜+2 〉+ ∣∣∣Q˜+3 〉+ ∣∣∣Q˜+4 〉+ ∣∣∣Q˜+5 〉) ,
(9)
where, ∣∣Q+i 〉 = 1√
2
(|Qi, A〉+ |Qi, B〉)∣∣∣Q˜+i 〉 = 1√
2
(∣∣∣Q˜i, A〉+ ∣∣∣Q˜i, B〉) . (10)
The spatial distributions of these states are shown in Fig.
6. When the electric field is zero, the energy degenera-
tion of the 12 waves is kept, then |Cγ,α|2 = |Cγ,β |2 =
|Cδ,α|2 = |Cδ,β |2 = |Cχ,λ|2 = |Cχ,µ|2 = |Cκ,λ|2 =
|Cκ,µ|2 = 0.5, and all the states |γ〉, |δ〉, |χ〉 and |κ〉 are
12-fold symmetric. Besides, as the pressure increases,
the hybridization becomes increasingly stronger, which
pushes the states |δ〉 and |χ〉 towards the Fermi level
gradually. After applying the electric field, the 12-fold
symmetry of these hybridized states will be destroyed.
As an example, the hybridization picture for the case
of 5 GPa pressure and 0.1 eV/A˚ electric field is shown
in Fig. 6. It shows that the non-equivalent occupa-
tion numbers on bottom and top layers makes the hy-
bridized states derivate from the 12-fold symmetry. The
evolutions of the occupation numbers of the VBM and
CBM on the bottom layer, namely |Cδα|2 and |Cχλ|2,
are shown in Fig. 7. Two conclusions can be found out
from the results. One is that at a specific electric field,
the larger pressure can make the occupation number of
both VBM and CBM on the bottom layer closer to 0.5,
which means that applying pressure is a valid way to re-
cover the 12-fold symmetry of both the VBM and CBM
to some extent against the electric field. The reason is
that for a specific electric field a higher pressure can re-
sults in the smaller interlayer spacing, namely not only
the stronger interlayer coupling but also the smaller on-
site energy difference between the two layers. Another
conclusion is that the 12-fold symmetry of the CBM is
easier to be broken than that of the VBM. That is be-
cause for a specific pressure, the hybridization strength
for the valence band is always stronger than the con-
duction band. Their hybridization strengths can be de-
scribed by the energy differences between bonding and
anti-bonding states, namely between |γ〉 and |δ〉 for the
valence band and between |χ〉 and |κ〉 for the conduction
band (see Fig. 8).
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FIG. 8: The energy differences between bonding and anti-
bonding states at zero electric field for the valence band and
the conduction band.
IV. CONCLUSIONS
By using the tight-binding model, we study the de-
pendence of the quasicrystalline electronic states on the
external pressure and electric field. We confirm that the
pressure can push the energies of these 12-fold symmet-
ric states towards the Fermi level. Such a phenomenon
is attributed to the stronger hybridization between the
12 waves of the two layers for higher pressure. Further-
more, the electron or hole doping around 4× 1014 cm−2
can tunes the Fermi level to meet these quasicrystalline
electronic states exactly, which will make 30◦ twisted bi-
layer graphene manifest the quasicrystalline characters in
electronic properties. Moreover, the electric field perpen-
dicular to graphene plane will destroy the 12-fold sym-
metry of these states. Comparing with the 12-fold sym-
metric state in the valence band, the 12-fold symmetry
of the state in the conduction band is easier to be de-
stroyed. This is because of the stronger hybridization
in the valence band than that in the conduction band.
Moreover, applying the external pressure can recover the
12-fold symmetry of these states to some extent against
7the electric field by increasing the interlayer interaction
and reducing the on-site energy difference between two
layers.
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